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Abstract: Voltage fluctuations are a common occurrence in power systems. They can be 

regarded as a superposition of the fundamental voltage component, subharmonics and 
interharmonics – components at frequencies below the fundamental one or not being its 
integer multiple, respectively. This paper focuses on the effect of the moment of inertia  
of a driven unit on the subharmonics and interharmonics present in the supply current of  
a cage induction motor under rectangular voltage modulation. The results of a 2D finite 
element analysis are presented for a cage induction motor with a rated power of 3 kW . 

Keywords: interharmonics, cage induction motor, finite element method, power quality, 
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1. INTRODUCTION 

One distortion in voltage quality is voltage fluctuations [Bollen and Gu 2006; 

Kuwałek 2021a,b; 2022; Patel and Chowdhury 2021; Gnaciński et al. 2022; 2024] 

understood as sudden changes in its RMS value. These changes are most often 

discrete [Kuwałek 2021a], yet fluctuations with a different trend, such as trapezoidal, 

also exist [Kuwałek 2021a]. 

Periodic voltage fluctuations are associated with the presence of subharmonics 

(subsynchronous interharmonics) and interharmonics in the voltage waveform  that 

is, components with frequencies respectively less than the fundamental component 

frequency or not being an integer multiple of that frequency. Sine-wave voltage 

fluctuations can be considered as a case of simultaneous subharmonics and 

interharmonics with equal values and frequencies that are symmetrical to the 

fundamental component [Gallo et al. 2005; Bollen and Gu 2006; Gnaciński et al. 

2022; 2024], e.g. 10 Hz and 90 Hz (in a 50 Hz system). Depending on the phase shift 

angle of the subharmonics and interharmonics [Gallo et al. 2005; Bollen and Gu 

2006], a voltage amplitude modulation case, a phase modulation case and an 
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intermediate case can be distinguished [Gallo et al. 2005; Bollen and Gu 2006; 

Gnaciński et al. 2022; 2024]. Note also that voltage fluctuations of any waveform 

can be analysed as a superposition of sine fluctuations at different frequencies 

[Ghaseminezhad et al. 2021b; Gnaciński et al. 2024]. 

Causes of voltage fluctuations, subharmonics and interharmonics include the 

operation of time-varying power loads [Bollen and Gu 2006; Li et al. 2012; Zhiyuan 

2017; Arkkio et al. 2018; Gutierrez-Ballesteros, Rönnberg and Gil-de-Castro 2022], 

renewable energy sources [Bollen and Gu 2006; Nambiar, Kiprakis and Wallace 

2010; Kovaltchouk et al. 2016; Mao et al. 2024; Xu et al. 2025] and power electronic 

equipment [Tripp, Kim and Whitney 1993; Zhang, Xu and Liu 2005; Kuwałek and 

Wilczyński 2021]. 

Voltage fluctuations and their associated subharmonics and interharmonics 

interfere with the operation of various electrical units, including lights [Gallo et al. 

2005; Bollen and Gu 2006; Gil-de-Castro, Rönnberg and Bollen 2017; Abdalaal and 

Ho 2021; Kuwałek 2021a,b; 2022; Gutierrez-Ballesteros, Rönnberg and Gil-de-

Castro 2022], power electronic, devices [Testa and Langella 2005], control systems 

[Testa and Langella 2005], power and measurement transformers [Testa and 

Langella 2005; Crotti et al. 2021], and turbine generating sets [Testa and Langella 

2005]. The interference or disturbances under consideration have a particularly 

detrimental effect on rotating machinery, including induction motors. The effects of 

voltage, subharmonic and interharmonic fluctuations include local saturation of the 

magnetic circuit [Ghaseminezhad et al. 2017a,b], flow of subharmonic and 

interharmonic currents through the windings [Tennakoon, Perera and Robinson 

2008; Gnaciński et al. 2019a,b; 2021; 2023; Hallmann 2020], motor overheating and 

increased power losses [Gallo et al. 2005; Testa and Langella 2005; Ghaseminezhad 

et al. 2017a,b; 2021a; Gnaciński et al. 2019a; Hallmann 2020], speed fluctuations 

[Tennakoon, Perera and Robinson 2008; Ghaseminezhad et al. 2017; 2021a; 

Gnaciński et al. 2021; Zhang, Kang and Yuan 2021], torque fluctuations 

[Ghaseminezhad et al. 2017; 2021b; Gnaciński et al. 2019a; 2021; 2023; Hallmann 

2020], as well as vibrations and torsional oscillations [Tripp, Kim and Whitney 1993; 

Gnaciński et al. 2019b; 2021; 2023; 2024], which can result in drive coupling 

rupture, for example [Tripp, Kim and Whitney 1993]. 

Particularly significant vibrations, torque pulsations, speed fluctuations and 

values of subharmonics and interharmonics of the current flowing through the motor 

windings occur with the torsional vibration resonance of a rigid body [Gnaciński et 

al. 2019a,b; 2021; 2023; 2024; Ghaseminezhad 2021b]. A specific type of resonance 

occurs when the electromagnetic torque pulsation frequency in a motor or the 

resistive torque of a driven unit corresponds to the natural frequency of the torsional 

vibrations of the rotating masses [Arkkio et al. 2018; Gnaciński et al. 2019a,b; 2021; 

2023; 2024; Ghaseminezhad 2021b]. For low-power machines, the natural frequency 

of the torsional vibration in a rigid body is in the order of tens of Hz, while that of 

high-power machines is in the order of single Hz. For this type of vibration, the 

angular torsion of the individual rotating components (e.g. coupling, shaft, etc.) is 
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small, while there are speed fluctuations [Arkkio et al. 2018]. Note that the effect of 

a motor’s electromagnetic torque on the rotating masses can be compared to that of 

a coil spring [Arkkio et al. 2018]. 

Although voltage subharmonics and interharmonics are considered to be 

particularly harmful disturbances to voltage quality, their acceptable limit levels are 

not specified in the applicable standards [EN Standard 50160:2010; IEEE 519:2014] 

because there is insufficient experimental data. The information section of the IEEE 

Standard for Harmonic Control in Electric Power Systems [IEEE 519:2014] 

provides the rationale for establishing acceptable limits for subharmonics and 

interharmonics and proposes two curves defining the maximum permissible value of 

subharmonics and interharmonics versus their frequency. In practice, one curve 

generally limits subharmonics and interharmonics to 0.5% and the other to 0.3%. 

Voltage quality regulations and standards limit voltage fluctuations indirectly, 

through a maximum flicker limit [Bollen and Gu 2006; EN Standard 50160:2010]. 

As found in the reference literature [Gallo et al. 2005; Gnaciński et al. 2024], this 

approach does not protect induction motors from the negative effects of 

subharmonics and interharmonics. In conclusion, the modification of the voltage 

quality standards and introduction of the subharmonic and interharmonic limits to 

them demands further research that should focus on induction motors supplied with 

voltage that features these types of harmonics. 

Asynchronous motors under voltage fluctuations and in the presence of 

subharmonics and interharmonics are the subject of many research works [Tripp, 

Kim and Whitney 1993; Gallo et al. 2005; Testa and Langella 2005; Tennakoon, 

Perera and Robinson 2008; Ghaseminezhad et al. 2017a,b; 2021a; Gnaciński et al. 

2019a,b; 2021; 2023; Hallmann 2020; Zhang, Kang and Yuan 2021]. They generally 

ignored the effect of the moment of inertia of driven units on the subharmonics and 

interharmonics of the motor winding current. The effect of the moment of inertia 

was considered in [Gnaciński et al. 2019a; Hallmann 2020], yet it was limited to an 

analysis of the motor under single voltage subharmonic conditions. This work 

presents the effect of the moment of inertia of a driven unit on the subharmonics and 

interharmonics of the motor current under rectangular voltage modulation 

conditions. The work complements the authors’ previous publications [Gnaciński et 

al. 2019a,b; 2021; 2022; 2023; 2024]. 

2. FIELD MODEL 

The study was performed by applying a finite element method to a 3 kW squirrel 

cage induction motor, selected parameters of which are listed in Table 1. Two-

dimensional field calculations were run in ANSYS Electronics Desktop 2022R2.4 

(formerly: ANSYS Maxwell). 

A preliminary motor model was developed using the RMxprt module, with 

the model parameters identified from design data provided by the motor 
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manufacturer and empirical tests carried out [Hallmann 2020]. On the basis of  

a convergence analysis [Hallmann 2020], the subdivision grid was significantly 

denser than that proposed in the RMxprt module. The original subdivision grid 

featured around 5,000 elements, while the denser one increased the number to 

22,000. After the densification, the maximum finite element length was as follows: 

2.46 mm for the shaft; 4.95 mm for the stator; 2.46 mm for the rotor; 2.25 mm for 

the stator windings; 0.79 mm for the aluminium cage; 0.74 mm for the motor gap; 

2.49 mm for all other components modelled. The tau subdivision grid used is 

illustrated in Figure 1. 

 

 

Fig. 1. Mesh used 
Source: [Gnaciński and Hallmann 2024]. 

 

Table 1. Selected parameters of the test motor type TSg 100L-4B 

 

 

 

 

 

 

Numerical calculations were completed using a transient solver. The effects 

of vibration and deformation were not taken into account in the calculations. The 

stator and rotor winding temperatures were determined using a thermal equivalent 

motor diagram [Gnaciński et al. 2019a]. 

The experimental validation and a more detailed description of the model are 

in the authors’ earlier works, like [Gnaciński et al. 2019a; 2021; Hallmann 2020]. 

 

Specification 

 

Value 

Nominal power [kW] 3 

Rated voltage [V] 380 

Rated current [A] 6.9 

Rated power factor [-] 0.81 

Rated speed [rpm]  1420 

Moment of inertia [kg m2] 0.00702299 

Winding connection system Delta 
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3. RESULTS 

The results for an induction motor with rectangular supply voltage modulation are 

shown below. The numerical experiments were performed for a rated load torque 

and two different values of motor-to-driven-unit moment of inertia ratios (j): j = 0 

(negligible moment of inertia) and j = 5. 

An example of the RMS voltage waveform for modulation frequency fm = 30 

Hz is given in Figure 2. The voltage change [Gnaciński et al. 2024] was u = 0.94% 

for this modulation. Figure 3 shows the voltage spectrum for this modulation. It 

contains subharmonics and interharmonics with frequencies described by the 

relationships (based on [Gallo et al. 2005; Zhang, Xu and Liu 2005; Bollen and Gu 

2006; Gnaciński et al. 2024]): 

 

𝑓𝑠ℎ = 𝑓1 − 𝑛𝑓𝑚      (1) 

𝑓𝑖ℎ = 𝑓1 + 𝑛𝑓𝑚     (2) 

with: 𝑛 = 1, 2, 3…, 𝑓𝑠ℎ, 𝑓𝑖ℎ – the subharmonic and interharmonic frequencies, 

respectively, corresponding to the 𝑛-th harmonic frequency of the modulating 

function, fm. 

If the frequency determined by (1) is negative, the subharmonic should be 

assumed to be of opposite order [Zhang, Xu and Liu 2005]. Note also that for the 

assumed voltage variation u = 0.94%, the subharmonic and interharmonic 

corresponding to the 1st harmonic of the modulating function assume 0.3%.  

As mentioned in the Introduction, this is, in simple terms, the maximum 

permissible value of subharmonics according to one of the proposals in the IEEE 

Standard for Harmonic Control in Electric Power Systems [IEEE Standard 

519:2014]. 

Figure 4 shows the current waveform for j = 0, corresponding to the voltage 

modulation from Figure 2, and Figure 5 shows the current spectrum. The current 

contained the following subharmonics and interharmonics: fsh = 30 Hz, ish = 25.24%, 

fih = 80 Hz, and ish = 12.55%. Note that for the motor under test, the subharmonic at 

frequency fshsh = 20 Hz corresponded to the resonant frequency of the torsional 

vibration of a rigid body. 

In turn, the total nonharmonic distortion rate [Arranz-Gimon et al. 2021], 

TnHD, understood as: 

 

TnHD =
√𝐼𝑅𝑀𝑆−∑ (𝐼ℎ)

2ℎ𝑚𝑎𝑥
ℎ=0

𝐼1
    (3) 

was equal to TnHD = 28.1%, with: 𝐼𝑅𝑀𝑆 – current RMS value, 𝐼1, 𝐼ℎ – fundamental 

harmonic of the ℎ-th current harmonic. 
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An analogous current spectrum for j = 5 and modulation frequency fm = 30 Hz 

is shown in Figure 6. Here, the current subharmonics and interharmonics were much 

lower: fsh = 30 Hz, ish = 9.72%, fih = 80 Hz, and ish = 1.27%, whereas TnHD = 12.5%. 

This was due to the fact that torsional vibration resonance of the rigid body did not 

occur for large moments of inertia [Gnaciński et al. 2019a]. 

The following charts show the current spectra for fm = 9 Hz, j = 0 (Fig. 7), 

fm = 9 Hz, j = 5 (Fig. 8), fm = 20 Hz, j = 0 (Fig. 9), fm = 20 Hz, j = 5 (Fig. 10), and 

fm = 40 Hz, j = 0 (Fig. 11) and j = 5 (Fig. 12). The TnHD values for the current 

waveforms are listed in Table 2.  

For a negligible moment of inertia of the driven unit (j = 0), TnHD took on 

the largest value at the modulation frequency fm = 30 Hz (TnHD = 28.1%) and the 

lowest value at fm = 3 Hz (TnHD = 8.5%). In contrast, when j = 5, TnHD took on the 

largest value at the modulation frequency fm = 30 Hz (TnHD = 12.5%) and the lowest 

value at fm = 3 Hz (TnHD = 8.1%). Note that TnHD took on higher values at j = 0 

than at j = 5, with the exception of the modulation frequency fm = 20 Hz. For this 

modulation frequency, TnHD was 10.3% and 11.1%, for j = 0 and j = 5, respectively. 

The higher value of TnHD for j = 5 was due to the higher value of the subharmonic 

at fsh = 30 Hz for j = 5 (ish = 7.72% – Fig. 10) than for j = 0 (ish = 5.45% – Fig. 9). 
 

 
Fig. 2. Supply voltage RMS value for the modulation frequency fm = 30 Hz 
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Fig. 3. Supply voltage spectrum for the modulation frequency fm = 30 Hz 

 
Fig. 4. Example of motor current waveform for the modulation frequency 

fm = 30 Hz and negligible moment of inertia of the driven unit (j = 0) 

 

 
Fig. 5. Spectrum for the current in Figure 4 
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Fig. 6. Spectrum of the motor current draw for the modulation frequency fm = 30 Hz  

and relative moment of inertia of the driven unit  
(related to the motor’s moment of inertia), j = 5 

 
Fig. 7. Spectrum of the motor current draw for the modulation frequency fm = 9 Hz  

and a negligible moment of inertia of the driven unit, j = 0 

 
Fig. 8. Spectrum of the motor current draw for the modulation frequency fm = 9 Hz  

and relative moment of inertia of the driven unit  
(related to the motor’s moment of inertia), j = 5 
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Fig. 9. Spectrum of the motor current draw for the modulation frequency fm = 20 Hz  

and a negligible moment of inertia of the driven unit, j = 0 

 
Fig. 10. Spectrum of the motor current draw for the modulation frequency fm = 20 Hz  

and relative moment of inertia of the driven unit  
(related to the motor’s moment of inertia), j = 5 

 

 
Fig. 11. Spectrum of the motor current draw for the modulation frequency fm = 40 Hz  

and a negligible moment of inertia of the driven unit, j = 0 
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Fig. 12. Spectrum of the motor current draw for the modulation frequency fm = 40 Hz  

and relative moment of inertia of the driven unit  
(related to the motor’s moment of inertia), j = 5 

 
Table 2. TnHD of the motor current for different modulation frequencies and relative 

moments of inertia of the driven unit, j (related to the motor’s moment of inertia) 

 

 

 

 

 

 

It should be added that for a voltage subharmonic frequency higher than the 

resonant frequency, the current subharmonic can assume higher values at large 

moments of inertia of the driven unit than for a negligible moment of inertia 

[Gnaciński et al. 2019a]. 

In summary, the moment of inertia of the driven unit has a significant impact 

on the value of TnHD. Its value significantly depends on the modulation frequency. 

4. CONCLUSIONS 

This work presents the results of a study on the effect of the moment of inertia of  

a motor’s driven unit on the subharmonics and interharmonics of the current of  

a squirrel-cage induction motor under rectangular voltage modulation. The results 

demonstrate that the moment of inertia had a significant effect on the motor current 

TnHD. For a negligible moment of inertia, TnHD could be more than twice as high 

as for the moment of inertia five times that of the motor. A higher TnHD in practice 

Modulation 
frequency [Hz] 

TnHD [%] 

j = 0 j = 5 

3 8.47 8.14 

9 10.35 8.98 

20 10.35 11.14 

30 28.1 12.51 

40 13.61 12.11 
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means that the motor is more susceptible to overheating, torque pulsations and 

vibrations. 
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